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Submodular Function Maximization

• Submodular function: set 
function with diminishing 
returns

• Examples: facility location, 
document summarization, 
influence maximization 
maximum coverage etc.
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<latexit sha1_base64="FVlyNAfh0UoGRP3oXQeu+NrUF0U=">AAACHHicbZA9SwNBEIb34nf8ilraLAbBQsJdFLWM2lhGMKeQO8LeZhIX9/bO3TkxHPkhNv4VGwtFbCwE/42bj0KjLyw8vDPDzrxRKoVB1/1yClPTM7Nz8wvFxaXlldXS2rpvkkxzaPBEJvoqYgakUNBAgRKuUg0sjiRcRjeng/rlHWgjEnWBvRTCmHWV6AjO0Fqt0l7QSTSTkh7TwGSRAYRbevKDfRog3GO+S/sUaCAU9Vulsltxh6J/wRtDmYxVb5U+gnbCsxgUcsmMaXpuimHONAouoV8MMgMp4zesC02LisVgwnx4XJ9uW6dN7Zb2KaRD9+dEzmJjenFkO2OG12ayNjD/qzUz7ByFuVBphqD46KNOJikmdJAUbQsNHGXPAuNa2F0pv2aacbR5Fm0I3uTJf8GvVryDSvV8v1w7GccxTzbJFtkhHjkkNXJG6qRBOHkgT+SFvDqPzrPz5ryPWgvOeGaD/JLz+Q2SpKBo</latexit>

8A ✓ B ✓ V , e 2 V
<latexit sha1_base64="ANDwFTlZF8dtDu0E7iVjE47cj6A=">AAACGnicbZC7SgNBFIZn4y3G26qlzWAQksKwK6KWSWwsI5gLZJcwOzmbDJm9ODMrhCXPYeOr2FgoYic2vo2TZAtNPDDw8f/ncOb8XsyZVJb1beRWVtfWN/Kbha3tnd09c/+gJaNEUGjSiEei4xEJnIXQVExx6MQCSOBxaHuj66nffgAhWRTeqXEMbkAGIfMZJUpLPdP2S3Xs0CTGTgrOpIxPsVbK2OFwr6m2aNXKPbNoVaxZ4WWwMyiirBo989PpRzQJIFSUEym7thUrNyVCMcphUnASCTGhIzKArsaQBCDddHbaBJ9opY/9SOgXKjxTf0+kJJByHHi6MyBqKBe9qfif102Uf+WmLIwTBSGdL/ITjlWEpznhPhNAFR9rIFQw/VdMh0QQqnSaBR2CvXjyMrTOKvZFxb49L1brWRx5dISOUQnZ6BJV0Q1qoCai6BE9o1f0ZjwZL8a78TFvzRnZzCH6U8bXD+GMnQc=</latexit>

f(B [ {e})� f(B)  f(A [ {e})� f(A)



Maximum Coverage

• Finite set V = {1, 2… , N}
• Set function 𝑓:	2!	 → ℝ
• 𝑓(𝑆) is # locations covered by 

having sensors at 𝑆
• Diminishing returns 
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•  •  •  •  •  •  •  •  •  •  •  •  •  <latexit sha1_base64="jwC4LrnZNy1I1Fy6MYfLbluNvmA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9P3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVvfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwYKjaE=</latexit>s1

<latexit sha1_base64="c0iPT0lKudnsXtu1p6ZFzcKE0ng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPu1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1busevcXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAHjo2i</latexit>s2
<latexit sha1_base64="JMuVeuHBl3MCwcaqNLPW+UmzLMI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+md98oVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZ9e4vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gAJEo2j</latexit>s3

<latexit sha1_base64="/a7KdFucCOJ3WVJ5RUfL24IpQkE=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJJUUTdC0Y3LivYBTQiT6aQdOnkwMxFKqL/ixoUibv0Qd/6NkzYLbT1wL4dz7mXuHD/hTCrL+jaWlldW19ZLG+XNre2dXXNvvy3jVBDaIjGPRdfHknIW0ZZiitNuIigOfU47/ugm9zuPVEgWRw9qnFA3xIOIBYxgpSXPrNxfOZn07BMkvXreTp2JZ1atmjUFWiR2QapQoOmZX04/JmlII0U4lrJnW4lyMywUI5xOyk4qaYLJCA9oT9MIh1S62fT4CTrSSh8FsdAVKTRVf29kOJRyHPp6MsRqKOe9XPzP66UquHQzFiWpohGZPRSkHKkY5UmgPhOUKD7WBBPB9K2IDLHAROm8yjoEe/7Li6Rdr9nnNfvurNq4LuIowQEcwjHYcAENuIUmtIDAGJ7hFd6MJ+PFeDc+ZqNLRrFTgT8wPn8AZxmTUw==</latexit>

S = {s1, s2, s3}
<latexit sha1_base64="9QnJmvTEsI/DxIpURaOZRCbNA74=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFetFKHrxWNF+SFtKNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMPD/iTBvX/XYyK6tr6xvZzdzW9s7uXn7/oKHDWBFaJyEPVcvHmnImad0ww2krUhQLn9OmP7qZ+s0nqjQL5YMZR7Qr8ECygBFsrPQYFO9P0RWqnPXyBbfkzoCWiZeSAqSo9fJfnX5IYkGlIRxr3fbcyHQTrAwjnE5ynVjTCJMRHtC2pRILqrvJ7OAJOrFKHwWhsiUNmqm/JxIstB4L33YKbIZ60ZuK/3nt2ASX3YTJKDZUkvmiIObIhGj6PeozRYnhY0swUczeisgQK0yMzShnQ/AWX14mjXLJuyiV784L1es0jiwcwTEUwYMKVOEWalAHAgKe4RXeHOW8OO/Ox7w146Qzh/AHzucPVDCOzA==</latexit>

f(S) = 73
<latexit sha1_base64="JVRUQ6CMyilzbQwGn1V83i2gOYs="></latexit>

(f(; [ {s3})� f(;)) � (f({s1, s2} [ {s3})� f({s1, s2}))

<latexit sha1_base64="FVlyNAfh0UoGRP3oXQeu+NrUF0U=">AAACHHicbZA9SwNBEIb34nf8ilraLAbBQsJdFLWM2lhGMKeQO8LeZhIX9/bO3TkxHPkhNv4VGwtFbCwE/42bj0KjLyw8vDPDzrxRKoVB1/1yClPTM7Nz8wvFxaXlldXS2rpvkkxzaPBEJvoqYgakUNBAgRKuUg0sjiRcRjeng/rlHWgjEnWBvRTCmHWV6AjO0Fqt0l7QSTSTkh7TwGSRAYRbevKDfRog3GO+S/sUaCAU9Vulsltxh6J/wRtDmYxVb5U+gnbCsxgUcsmMaXpuimHONAouoV8MMgMp4zesC02LisVgwnx4XJ9uW6dN7Zb2KaRD9+dEzmJjenFkO2OG12ayNjD/qzUz7ByFuVBphqD46KNOJikmdJAUbQsNHGXPAuNa2F0pv2aacbR5Fm0I3uTJf8GvVryDSvV8v1w7GccxTzbJFtkhHjkkNXJG6qRBOHkgT+SFvDqPzrPz5ryPWgvOeGaD/JLz+Q2SpKBo</latexit>

8A ✓ B ✓ V , e 2 V
<latexit sha1_base64="1ayRzeguimaBkIo02xHUtLq4dAw=">AAACG3icbZC7SgNBFIZn4y3G26qlzWAQksKwG0QtY2wsI5gLZJcwOzmbDJm9ODMrhCXvYeOr2FgoYiVY+DZOki008cDAx/+fw5nzezFnUlnWt5FbWV1b38hvFra2d3b3zP2DlowSQaFJIx6JjkckcBZCUzHFoRMLIIHHoe2Nrqd++wGEZFF4p8YxuAEZhMxnlCgt9cyqX7rCDk1i7KTgTMr4FGuljJ0B3GuqL3n1cs8sWhVrVngZ7AyKKKtGz/x0+hFNAggV5UTKrm3Fyk2JUIxymBScREJM6IgMoKsxJAFIN53dNsEnWuljPxL6hQrP1N8TKQmkHAee7gyIGspFbyr+53UT5V+6KQvjREFI54v8hGMV4WlQuM8EUMXHGggVTP8V0yERhCodZ0GHYC+evAytasU+r1Rvz4q1ehZHHh2hY1RCNrpANXSDGqiJKHpEz+gVvRlPxovxbnzMW3NGNnOI/pTx9QM6zJ0t</latexit>

f(A [ {e})� f(A) � f(B [ {e})� f(B)

<latexit sha1_base64="P47oKrJqxW5q3EvgU0yflCbTcYk=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHYJPo5ELx4xETDChswOvTBhdnadmTUhhL/w4kFjvPo33vwbB9iDgpV0UqnqTndXkAiujet+O7mV1bX1jfxmYWt7Z3evuH/Q1HGqGDZYLGJ1H1CNgktsGG4E3icKaRQIbAXD66nfekKleSzvzChBP6J9yUPOqLHSQ9UlnT4+kspZt1hyy+4MZJl4GSlBhnq3+NXpxSyNUBomqNZtz02MP6bKcCZwUuikGhPKhrSPbUsljVD749nFE3JilR4JY2VLGjJTf0+MaaT1KApsZ0TNQC96U/E/r52a8NIfc5mkBiWbLwpTQUxMpu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyMmlWyt55uXJbLdWusjjycATHcAoeXEANbqAODWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gCLgo+J</latexit>

40 � 25



Maximum Coverage subject to Matroid 
Constraints
• Cardinality constraints

• Matroid constraints

• NP-hard
• Poly-time approximation 

algorithms exist
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<latexit sha1_base64="PQCGQKsUavk4s+Jr41JGTKZNOig=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikzIuqy6MZlpfYBnaFk0kwbmmTGJCOWacFfceNCEbd+hzv/xrSdhbYeuHA4517uvSeIGVXacb6t3NLyyupafr2wsbm1vWPv7jVUlEhM6jhikWwFSBFGBalrqhlpxZIgHjDSDAbXE7/5QKSikbjTw5j4HPUEDSlG2kgd+8Dj6LGTjmojj5F7OBjDsFQ76dhFp+xMAReJm5EiyFDt2F9eN8IJJ0JjhpRqu06s/RRJTTEj44KXKBIjPEA90jZUIE6Un07PH8Njo3RhGElTQsOp+nsiRVypIQ9MJ0e6r+a9ifif1050eOmnVMSJJgLPFoUJgzqCkyxgl0qCNRsagrCk5laI+0girE1iBROCO//yImmclt3zsnt7VqxcZXHkwSE4AiXgggtQATegCuoAgxQ8g1fwZj1ZL9a79TFrzVnZzD74A+vzB2M3lRo=</latexit>

max
|S|k

f(S)

𝑉#

<latexit sha1_base64="A5KvX6xw/wNFu6L1maPa4ZEnJPY=">AAACInicbVDLSsNAFJ3UV62vqEs3g0WoUEoSxMeu6MZlpfYBTQmT6aQdOnk4MxFL2m9x46+4caGoK8GPcdpG1NYDFw7n3Mu997gRo0IaxoeWWVhcWl7JrubW1jc2t/TtnboIY45JDYcs5E0XCcJoQGqSSkaaESfIdxlpuP2Lsd+4JVzQMLiWg4i0fdQNqEcxkkpy9DPbR3dOMqxCG6MI1h1zaDNyA/uOWYR2Ef4Y1rdhjaBXqB46et4oGRPAeWKmJA9SVBz9ze6EOPZJIDFDQrRMI5LtBHFJMSOjnB0LEiHcR13SUjRAPhHtZPLiCB4opQO9kKsKJJyovycS5Asx8F3V6SPZE7PeWPzPa8XSO20nNIhiSQI8XeTFDMoQjvOCHcoJlmygCMKcqlsh7iGOsFSp5lQI5uzL86RulczjknV1lC+fp3FkwR7YBwVgghNQBpegAmoAg3vwCJ7Bi/agPWmv2vu0NaOlM7vgD7TPLwuaoXk=</latexit>

max
|S\V1|k1, |S\V2|k2

f(S)

#	𝑠𝑒𝑛𝑠𝑜𝑟𝑠	 ≤ 𝑘

#	𝑠𝑒𝑛𝑠𝑜𝑟𝑠	𝑖𝑛	𝑉! 	≤ 𝑘! #	𝑠𝑒𝑛𝑠𝑜𝑟𝑠	𝑖𝑛	𝑉" 	≤ 𝑘"

𝑠!

𝑠"

𝑠#

𝑉$

𝑠$

𝑠%

𝑠&



Approximation Algorithms

5

Greedy algorithm achieves 1 − ⁄1 𝑒 approximation ratio on uniform matroids 
[Nemhauser and Wolsey, 1978].

This approximation ratio drops down to !
"
 for matroids [Vondrák, 2008].

The continuous greedy algorithm improves this and achieves 1 − ⁄1 𝑒 
approximation ratio on general matroids in poly-time [Calinescu et al., 2011].

04/30/2021



Challenge

6

• Exponential number of terms (2|!|)

• Current methods often rely on sampling, computationally expensive 

(e.g |𝑉|&)

• Continuous greedy uses multilinear relaxation

04/30/2021

<latexit sha1_base64="EBWVP/gL40w2lAw3kfTn+92uIK0="></latexit>

G(y) = Ey[f(S)] =
X

S2V

f(S)
Y

i2S

yi
Y

i/2S

(1� yi)

<latexit sha1_base64="gwoaZaA+yFbUVH709viuIMzsyNM=">AAACGHicbVDLSgMxFM34tr6qLt0Ei1BB6oyIuhGKblxWtK3QDiWT3trQTGZI7qhl6Ge48VfcuFDEbXf+jeljoa0HAodzzuXmniCWwqDrfjszs3PzC4tLy5mV1bX1jezmVsVEieZQ5pGM9F3ADEihoIwCJdzFGlgYSKgGncuBX30AbUSkbrEbgx+yeyVagjO0UiN7WMoLWheK3uzTc9ptiANaR3jC9LENGijtDbRhoOYeUM9vZHNuwR2CThNvTHJkjFIj2683I56EoJBLZkzNc2P0U6ZRcAm9TD0xEDPeYfdQs1SxEIyfDg/r0T2rNGkr0vYppEP190TKQmO6YWCTIcO2mfQG4n9eLcHWmZ8KFScIio8WtRJJMaKDlmhTaOAou5YwroX9K+VtphlH22XGluBNnjxNKkcF76RwdH2cK16M61giO2SX5IlHTkmRXJESKRNOnskreScfzovz5nw6X6PojDOe2SZ/4PR/AKx5nQ8=</latexit>

P (i 2 S) = yi,where yi 2 [0, 1]



• Coverage function is multilinear.

Coverage Function
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<latexit sha1_base64="EBWVP/gL40w2lAw3kfTn+92uIK0="></latexit>

G(y) = Ey[f(S)] =
X

S2V

f(S)
Y

i2S

yi
Y

i/2S

(1� yi)

<latexit sha1_base64="pVTqXK2l+LUb+zGqZr7FNIZ2TrY=">AAACJXicbVBNS8NAEN3Ur1q/qh69BIvQXkpSRD0oFEX0WNHWQhLKZrtpl24+2J2IJeTPePGvePFgEcGTf8VNW1BbHww83pthZp4bcSbBMD613MLi0vJKfrWwtr6xuVXc3mnJMBaENknIQ9F2saScBbQJDDhtR4Ji3+X03h1cZP79AxWShcEdDCPq+LgXMI8RDErqFE+vyraPoe96yTCtnE24m1ymneRHTy0b6CMkfsyBZZuwSMu3FadTLBlVYwx9nphTUkJTNDrFkd0NSezTAAjHUlqmEYGTYAGMcJoW7FjSCJMB7lFL0QD7VDrJ+MtUP1BKV/dCoSoAfaz+nkiwL+XQd1Vndrmc9TLxP8+KwTtxEhZEMdCATBZ5Mdch1LPI9C4TlAAfKoKJYOpWnfSxwARUsAUVgjn78jxp1armUbV2c1iqn0/jyKM9tI/KyETHqI6uUQM1EUFP6AW9oZH2rL1q79rHpDWnTWd20R9oX98JDabW</latexit>

G(y) = Ey[multilinear(S)]

<latexit sha1_base64="HNG3xIWusF3Kq2JMrjG2FExxM6w=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZSkiroRim5cVrQPaEKYTCft0MmDmYlQQsFfceNCEbd+hzv/xkmbhbYeuJfDOfcyd46fcCaVZX0bC4tLyyurpbXy+sbm1ra5s9uScSoIbZKYx6LjY0k5i2hTMcVpJxEUhz6nbX94k/vtRyoki6MHNUqoG+J+xAJGsNKSZ+7foyvkZNKzT5D0ank7dcaeWbGq1gRontgFqUCBhmd+Ob2YpCGNFOFYyq5tJcrNsFCMcDouO6mkCSZD3KddTSMcUulmk/PH6EgrPRTEQlek0ET9vZHhUMpR6OvJEKuBnPVy8T+vm6rg0s1YlKSKRmT6UJBypGKUZ4F6TFCi+EgTTATTtyIywAITpRMr6xDs2S/Pk1atap9Xa3dnlfp1EUcJDuAQjsGGC6jDLTSgCQQyeIZXeDOejBfj3fiYji4Yxc4e/IHx+QMYLZOo</latexit>

S = {s1, s2, s3}
<latexit sha1_base64="o0IFe7CtfjF2xEGFaFGy5S3KKug=">AAACC3icbVC7SgNBFJ31bXytWtoMCYI2YTeI2giijWVE84AkhNnJ3WTI7M4yc1cMS3obf8XGQhFbf8DOv3HyKDR6YOBwzj3cuSdIpDDoeV/O3PzC4tLyympubX1jc8vd3qkalWoOFa6k0vWAGZAihgoKlFBPNLAokFAL+pcjv3YH2ggV3+IggVbEurEIBWdopbabDw9uDukZbSLcY9YsUKkmlqFc2SB0hm234BW9Mehf4k9JgUxRbrufzY7iaQQxcsmMafhegq2MaRRcwjDXTA0kjPdZFxqWxiwC08rGtwzpvlU6NFTavhjpWP2ZyFhkzCAK7GTEsGdmvZH4n9dIMTxtZSJOUoSYTxaFqaSo6KgY2hEaOMqBJYxrYf9KeY9pxtHWl7Ml+LMn/yXVUtE/LpaujwrnF9M6VsgeyZMD4pMTck6uSJlUCCcP5Im8kFfn0Xl23pz3yeicM83skl9wPr4BdeaaGQ==</latexit>

f(S) = # locations covered

closed 
form

no 
sampling

closed 
form

no 
sampling



• We extend this notion of multilinearity and apply it to the functions 
which are compositions of multilinear functions.

This Paper
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<latexit sha1_base64="93+MlTRuPs8xubk3pqgNzSJsikA=">AAACBnicbVC7SgNBFJ2Nrxhfq5YiDAYhacJuELURgjaWEc0DkiXMTmaTIbMPZu6KYUll46/YWChi6zfY+TfOJlto4oELh3Punbn3uJHgCizr28gtLa+sruXXCxubW9s75u5eU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13dJX6rXsmFQ+DOxhHzPHJIOAepwS01DMPvdJt+WJY6gJ7gMSPBfD0KSInWi/3zKJVsabAi8TOSBFlqPfMr24/pLHPAqCCKNWxrQichEjgVLBJoRsrFhE6IgPW0TQgPlNOMj1jgo+10sdeKHUFgKfq74mE+EqNfVd3+gSGat5Lxf+8TgzeuZPwIIqBBXT2kRcLDCFOM8F9LhkFMdaEUMn1rpgOiSQUdHIFHYI9f/IiaVYr9mmlenNSrF1mceTRATpCJWSjM1RD16iOGoiiR/SMXtGb8WS8GO/Gx6w1Z2Qz++gPjM8fB4KYNw==</latexit>

f(S) = h(multilinear(S))

still has a closed form!

<latexit sha1_base64="LaH13H+Z8SqYeJQv+lQMuBv/LYE=">AAACKXicbVDLSsNAFJ3UV62vqEs3wSK0m5IUUTdCUUSXFe0D0lAm00k7dPJg5kYMIb/jxl9xo6CoW3/EpA2orQcuHM65l3vvsQPOJOj6h1JYWFxaXimultbWNza31O2dtvRDQWiL+NwXXRtLyplHW8CA024gKHZtTjv2+DzzO3dUSOZ7txAF1HLx0GMOIxhSqa82Lis9F8PIduIoqZ5OuR1fJP34R0/MUaUH9B5iN+TAsl1YJJWbatUq9dWyXtMn0OaJkZMyytHsqy+9gU9Cl3pAOJbSNPQArBgLYITTpNQLJQ0wGeMhNVPqYZdKK558mmgHqTLQHF+k5YE2UX9PxNiVMnLttDO7Xs56mfifZ4bgnFgx84IQqEemi5yQa+BrWWzagAlKgEcpwUSw9FaNjLDABNJwsxCM2ZfnSbteM45q9evDcuMsj6OI9tA+qiADHaMGukJN1EIEPaAn9IrelEflWXlXPqetBSWf2UV/oHx9AyI0p8E=</latexit>

G(y) = Ey[h(multilinear(S))]

multilinear relaxation

no sampling!



• We avoid sampling by replacing ℎ with its Taylor approximation.

Our Approach

04/30/2021 9

multilinear 
relaxation

not multilinear

multilinear

<latexit sha1_base64="93+MlTRuPs8xubk3pqgNzSJsikA=">AAACBnicbVC7SgNBFJ2Nrxhfq5YiDAYhacJuELURgjaWEc0DkiXMTmaTIbMPZu6KYUll46/YWChi6zfY+TfOJlto4oELh3Punbn3uJHgCizr28gtLa+sruXXCxubW9s75u5eU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13dJX6rXsmFQ+DOxhHzPHJIOAepwS01DMPvdJt+WJY6gJ7gMSPBfD0KSInWi/3zKJVsabAi8TOSBFlqPfMr24/pLHPAqCCKNWxrQichEjgVLBJoRsrFhE6IgPW0TQgPlNOMj1jgo+10sdeKHUFgKfq74mE+EqNfVd3+gSGat5Lxf+8TgzeuZPwIIqBBXT2kRcLDCFOM8F9LhkFMdaEUMn1rpgOiSQUdHIFHYI9f/IiaVYr9mmlenNSrF1mceTRATpCJWSjM1RD16iOGoiiR/SMXtGb8WS8GO/Gx6w1Z2Qz++gPjM8fB4KYNw==</latexit>

f(S) = h(multilinear(S))

Taylor approximation

<latexit sha1_base64="VUNs5NIn5UihfKkPZEY1dSxvCiE="></latexit>

Ĝ(y) = Ey[ĥ(multilinear(S))]

no sampling!
<latexit sha1_base64="MQaW5gRUelRoOH5U7DbdEn0oWfA=">AAACE3icbZDLSsNAFIYn9VbrLerSTbAIrYuSFFE3QtGNy4r2Ak0ok+mkGTq5MHMilpB3cOOruHGhiFs37nwbkzQLbT0w8PH/58zM+e2QMwm6/q2UlpZXVtfK65WNza3tHXV3ryuDSBDaIQEPRN/GknLm0w4w4LQfCoo9m9OePbnK/N49FZIF/h1MQ2p5eOwzhxEMqTRUj00XQ+wktdv6RY5uUjOBPkDsRRxYdi0WmVuvDNWq3tDz0hbBKKCKimoP1S9zFJDIoz4QjqUcGHoIVowFMMJpUjEjSUNMJnhMByn62KPSivOdEu0oVUaaE4j0+KDl6u+JGHtSTj077fQwuHLey8T/vEEEzrkVMz+MgPpk9pATcQ0CLQtIGzFBCfBpCpgIlv5VIy4WmEAaYxaCMb/yInSbDeO00bw5qbYuizjK6AAdohoy0BlqoWvURh1E0CN6Rq/oTXlSXpR35WPWWlKKmX30p5TPH321neU=</latexit>

f̂(S) = ĥ(multilinear(S))



• A novel polynomial estimator of the multilinear relaxation 

• No sampling

• Theoretical guarantees

• Multiple applications

• Data summarization, influence maximization, facility location, cache networks

• Performance improvement (74% lower error in 89% less time)

Our Contributions

1004/30/2021



• Polynomial Estimator

• Experiments

• Conclusion & Future Work

Outline
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Monotone Submodular Functions

• Submodularity: A function 
𝑓:	2! → ℝ is submodular if for 
every 𝐴 ⊆ 𝐵 ⊆ 𝑉, and          
𝑒 ∈ 𝑉 ∕ B it holds that

 
𝑓 𝐵 ∪ 𝑒 − 𝑓 𝐵 ≤ 𝑓 𝐴 ∪ {𝑒} − 𝑓(𝐴).

• Monotonicity: A function 
𝑓:	2! → ℝ is monotone if for 
every 𝐴 ⊆ 𝐵 ⊆ 𝑉, 

   𝑓 𝐴 ≤ 𝑓(𝐵).  

04/30/2021 12

a

V

A

B

• e



Matroids

• Matroids: Given a ground set 
𝑉, a matroid is a pair ℳ =
𝑉, 𝐼 , where 𝐼 ⊆ 2!  is a 

collection of independent sets, 
for which

1. If 𝐵 ∈ 𝐼 and 𝐴 ⊂ 𝐵, then 𝐴 ∈
𝐼. 

2. If 𝐴, 𝐵 ∈ 𝐼 and 𝐴 < |𝐵|, 
there exists 𝑥 ∈ 𝐵 ∖ 𝐴 such 
that 𝐴	 ∪ 𝑥 ∈ 𝐼.

04/30/2021 13

𝑉#

#	𝑠𝑒𝑛𝑠𝑜𝑟𝑠	𝑖𝑛	𝑉! 	≤ 𝑘! #	𝑠𝑒𝑛𝑠𝑜𝑟𝑠	𝑖𝑛	𝑉" 	≤ 𝑘"

𝑉$

<latexit sha1_base64="cJusNQzLWfcC5BMIUShYCZ7y07A="></latexit>

I = {S ✓ 2V | |S \ V`|  k`, for ` = 1, 2}



Binary Notation

• Example: coverage• Binary vector 𝒙 whose support 
is 𝑆:

04/30/2021 14

<latexit sha1_base64="JIgBi6HA9It/gIRzxX+XGN0BXOg=">AAACGHicbVBNS8MwGE79nPOr6tFLcAjzMlsR9Tj04kWY4D5gLSPN0i0sTUuSykbpz/DiX/HiQRGvu/lvTLuCuvlAwpPneV/yvo8XMSqVZX0ZS8srq2vrpY3y5tb2zq65t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6yfz2IxGShvxBTSLiBmjAqU8xUlrqmadOgMa9RN9q6PnJOIUO5TB/YsSSuzSFfvXHPemZFatm5YCLxC5IBRRo9Myp0w9xHBCuMENSdm0rUm6ChKKYkbTsxJJECI/QgHQ15Sgg0k3yxVJ4rJU+9EOhD1cwV393JCiQchJ4ujIbUc57mfif142Vf+UmlEexIhzPPvJjBlUIs5RgnwqCFZtogrCgelaIh0ggrHSWZR2CPb/yImmd1eyLmn1/XqlfF3GUwCE4AlVgg0tQB7egAZoAgyfwAt7Au/FsvBofxuesdMkoeg7AHxjTb6GkoME=</latexit>

max
x2M

f(x)
<latexit sha1_base64="aTV5As3cvb+8bRdUjvKoIXtDuCE=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuimJiLosunEjVGov0IQwmU7aoZNJmJmIJWTlxldx40IRtz6DO9/GSZuFtv4w8PGfc5hzfj9mVCrL+jYWFpeWV1ZLa+X1jc2tbXNnty2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3SV1zv3REga8Ts1jokbogGnAcVIacszD5wQPXhpEzqUQ81qiBFLb7IMBtXmsWdWrJo1EZwHu4AKKNTwzC+nH+EkJFxhhqTs2Vas3BQJRTEjWdlJJIkRHqEB6WnkKCTSTSdnZPBIO30YREI/ruDE/T2RolDKcejrznxROVvLzf9qvUQFF25KeZwowvH0oyBhUEUwzwT2qSBYsbEGhAXVu0I8RAJhpZMr6xDs2ZPnoX1Ss89q9u1ppX5ZxFEC++AQVIENzkEdXIMGaAEMHsEzeAVvxpPxYrwbH9PWBaOY2QN/ZHz+AA/JmDc=</latexit>

max
S2M

f(S)

<latexit sha1_base64="wrVbAyEbNp6FSHzrkRc+DLvFvHE=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF1I1QdOOyon1AG8JkOmmHTiZhZiLWUPwVNy4Ucet/uPNvnLZZaOuBezmccy9z5wQJZ0o7zre1sLi0vLJaWCuub2xubds7uw0Vp5LQOol5LFsBVpQzQeuaaU5biaQ4CjhtBoOrsd+8p1KxWNzpYUK9CPcECxnB2ki+vc9Qhwl0a3oYogefoQvk+nbJKTsToHni5qQEOWq+/dXpxiSNqNCEY6XarpNoL8NSM8LpqNhJFU0wGeAebRsqcESVl02uH6Ejo3RRGEtTQqOJ+nsjw5FSwygwkxHWfTXrjcX/vHaqw3MvYyJJNRVk+lCYcqRjNI4CdZmkRPOhIZhIZm5FpI8lJtoEVjQhuLNfnieNStk9LVduTkrVyzyOAhzAIRyDC2dQhWuoQR0IPMIzvMKb9WS9WO/Wx3R0wcp39uAPrM8foj6TaA==</latexit>

i 2 S () xi = 1
<latexit sha1_base64="bXpK/8gBbRRs/4GALp/yCZ0+mG4=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSFFEvQtGLx4r2A5pQNttNu3SzCbsbsYRe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZekHCmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk/81gOVisXiXo8S6ke4L1jICNZG6toHDHki1kygO+SxMESPXYYukdO1y07FmQItEjcnZchR79pfXi8maUSFJhwr1XGdRPsZlpoRTsclL1U0wWSI+7RjqMARVX42fWCMjo3SQ2EsTQmNpurviQxHSo2iwHRGWA/UvDcR//M6qQ4v/IyJJNVUkNmiMOVIx2iSBuoxSYnmI0MwkczcisgAS0y0yaxkQnDnX14kzWrFPatUb0/Ltas8jiIcwhGcgAvnUIMbqEMDCIzhGV7hzXqyXqx362PWWrDymX34A+vzBymHlNY=</latexit>

i /2 S () xi = 0

<latexit sha1_base64="VpZEW06a8OFsoKOKrS5i0TpgW+w=">AAACCnicbVC7TsMwFL3hWcorwMhiqJAYUJVUCBgrWJhQEfQhNaVyXKe16jiR7SCqqDMLv8LCAEKsfAEbf4PbZoCWI13do3PulX2PH3OmtON8W3PzC4tLy7mV/Ora+samvbVdU1EiCa2SiEey4WNFORO0qpnmtBFLikOf07rfvxj59XsqFYvErR7EtBXirmABI1gbqW3v3SBPJb6iGtWQx4IAPZgmkJc6R8j1hndXbbvgFJ0x0CxxM1KADJW2/eV1IpKEVGjCsVJN14l1K8VSM8LpMO8lisaY9HGXNg0VOKSqlY5PGaIDo3RQEElTQqOx+nsjxaFSg9A3kyHWPTXtjcT/vGaig7NWykScaCrI5KEg4UhHaJQL6jBJieYDQzCRzPwVkR6WmGiTXt6E4E6fPEtqpaJ7UixdHxfK51kcOdiFfTgEF06hDJdQgSoQeIRneIU368l6sd6tj8nonJXt7MAfWJ8/F7OYnA==</latexit>

S ⇢ V () x 2 {0, 1}N

<latexit sha1_base64="xYbBewbW+M2A7EbLRgjVFpHL7qE=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0i6rHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+q1R8uq43bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwOSjjo=</latexit>() <latexit sha1_base64="woUCTbcqxJDGCHA3X+gVD2Su2+I="></latexit>

f(x) =
NX

`=1

 
1�

Y

i:`2Ji

(1� xi)

!

<latexit sha1_base64="Ac6UfbV5BnVIgJl7/oC12SXVJnY=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaKqMuiG3FVwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/ko5nGzAvJUPKAU2Ks5PVCYkaUiPR+1nf75YpTdebAq8TNSQVyNPrlr94goknIpKGCaN11ndh4KVGGU8FmpV6iWUzomAxZ11JJQqa9dB56hs+sMsBBpOyTBs/V3xspCbWehr6dzELqZS8T//O6iQmuvZTLODFM0sWhIBHYRDhrAA+4YtSIqSWEKm6zYjoiilBjeyrZEtzlL6+SVq3qXlZrDxeV+k1eRxFO4BTOwYUrqMMdNKAJFJ7gGV7hDU3QC3pHH4vRAsp3juEP0OcPrdWSCw==</latexit>J1

<latexit sha1_base64="Id9W3d+Ko3lFo67SGuBjhyTGvRU=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFN+Kqgn1AO5RMmmlDM8mYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs389oQqzaR4NNOY+hEeChYygo2V/F6EzYhgnt7P+rV+ueJW3TnQKvFyUoEcjX75qzeQJImoMIRjrbueGxs/xcowwums1Es0jTEZ4yHtWipwRLWfzkPP0JlVBiiUyj5h0Fz9vZHiSOtpFNjJLKRe9jLxP6+bmPDaT5mIE0MFWRwKE46MRFkDaMAUJYZPLcFEMZsVkRFWmBjbU8mW4C1/eZW0alXvslp7uKjUb/I6inACp3AOHlxBHe6gAU0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8fr1mSDA==</latexit>J2

<latexit sha1_base64="sN583QO29l9/lOQxGp2fdg3WPuY=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6rLoRlxVsA9oh5JJM21oJhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEHOmjet+Oyura+sbm4Wt4vbO7t5+6eCwqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMbjO/NaZKMykezSSmfoQHgoWMYGMlvxthMySYp/fT3nmvVHYr7gxomXg5KUOOeq/01e1LkkRUGMKx1h3PjY2fYmUY4XRa7CaaxpiM8IB2LBU4otpPZ6Gn6NQqfRRKZZ8waKb+3khxpPUkCuxkFlIvepn4n9dJTHjtp0zEiaGCzA+FCUdGoqwB1GeKEsMnlmCimM2KyBArTIztqWhL8Ba/vEya1Yp3Wak+XJRrN3kdBTiGEzgDD66gBndQhwYQeIJneIU3Z+y8OO/Ox3x0xcl3juAPnM8fsN2SDQ==</latexit>J3

<latexit sha1_base64="HNG3xIWusF3Kq2JMrjG2FExxM6w=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBhZSkiroRim5cVrQPaEKYTCft0MmDmYlQQsFfceNCEbd+hzv/xkmbhbYeuJfDOfcyd46fcCaVZX0bC4tLyyurpbXy+sbm1ra5s9uScSoIbZKYx6LjY0k5i2hTMcVpJxEUhz6nbX94k/vtRyoki6MHNUqoG+J+xAJGsNKSZ+7foyvkZNKzT5D0ank7dcaeWbGq1gRontgFqUCBhmd+Ob2YpCGNFOFYyq5tJcrNsFCMcDouO6mkCSZD3KddTSMcUulmk/PH6EgrPRTEQlek0ET9vZHhUMpR6OvJEKuBnPVy8T+vm6rg0s1YlKSKRmT6UJBypGKUZ4F6TFCi+EgTTATTtyIywAITpRMr6xDs2S/Pk1atap9Xa3dnlfp1EUcJDuAQjsGGC6jDLTSgCQQyeIZXeDOejBfj3fiYji4Yxc4e/IHx+QMYLZOo</latexit>

S = {s1, s2, s3}
<latexit sha1_base64="o0IFe7CtfjF2xEGFaFGy5S3KKug=">AAACC3icbVC7SgNBFJ31bXytWtoMCYI2YTeI2giijWVE84AkhNnJ3WTI7M4yc1cMS3obf8XGQhFbf8DOv3HyKDR6YOBwzj3cuSdIpDDoeV/O3PzC4tLyympubX1jc8vd3qkalWoOFa6k0vWAGZAihgoKlFBPNLAokFAL+pcjv3YH2ggV3+IggVbEurEIBWdopbabDw9uDukZbSLcY9YsUKkmlqFc2SB0hm234BW9Mehf4k9JgUxRbrufzY7iaQQxcsmMafhegq2MaRRcwjDXTA0kjPdZFxqWxiwC08rGtwzpvlU6NFTavhjpWP2ZyFhkzCAK7GTEsGdmvZH4n9dIMTxtZSJOUoSYTxaFqaSo6KgY2hEaOMqBJYxrYf9KeY9pxtHWl7Ml+LMn/yXVUtE/LpaujwrnF9M6VsgeyZMD4pMTck6uSJlUCCcP5Im8kFfn0Xl23pz3yeicM83skl9wPr4BdeaaGQ==</latexit>

f(S) = # locations covered



<latexit sha1_base64="0XzClLy6+EJWo/gtCx2w13PMkno=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5lzXvvl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDbleN1w==</latexit>

f(x)

Continuous Greedy Algorithm

15

integral space continuous space

Multilinear relaxation
M
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n

Rounding
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<latexit sha1_base64="5B11XvMCca4OMem6QT79mx82UEY=">AAACHXicbVDLSsNAFJ34rPUVdelmsAjtpiSlqBuhKKLLCvYBbQiT6aQdOnkwMxFDyI+48VfcuFDEhRvxb5y0wUfrgYHDOecy9x4nZFRIw/jUFhaXlldWC2vF9Y3NrW19Z7ctgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs74PPM7t4QLGvg3Mg6J5aGhT12KkVSSrdcvy30PyZHjJnFaOZ1yJ7lI7eRHT3vud+ourVi2XjKqxgRwnpg5KYEcTVt/7w8CHHnEl5ghIXqmEUorQVxSzEha7EeChAiP0ZD0FPWRR4SVTK5L4aFSBtANuHq+hBP190SCPCFiz1HJbEcx62Xif14vku6JlVA/jCTx8fQjN2JQBjCrCg4oJ1iyWBGEOVW7QjxCHGGpCi2qEszZk+dJu1Y1j6q163qpcZbXUQD74ACUgQmOQQNcgSZoAQzuwSN4Bi/ag/akvWpv0+iCls/sgT/QPr4A8eWjGA==</latexit>

G(y) = Ey[f(x)]

<latexit sha1_base64="+muDfb8m3XzRHe5aIrZ2mwS1Z64=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoNyUpoi6LLnQjVLAPaEuZTCft0MkkzEzEEPIfbvwVNy4UcSW48G+cpAG19cIMh3PO5d57nIBRqSzryygsLa+srhXXSxubW9s75u5eW/qhwKSFfeaLroMkYZSTlqKKkW4gCPIcRjrO9CLVO3dESOrzWxUFZOChMacuxUhpamjW+x66H8b6VxPHjaME9imHzUpGYMTi66SawMvKj6E6NMtWzcoKLgI7B2WQV3NofvRHPg49whVmSMqebQVqECOhKGYkKfVDSQKEp2hMehpy5BE5iLPbEnikmRF0faEfVzBjf3fEyJMy8hztTFeU81pK/qf1QuWeDWLKg1ARjmeD3JBB5cM0KDiigmDFIg0QFlTvCvEECYSVjrOkQ7DnT14E7XrNPqnVb47LjfM8jiI4AIegAmxwChrgCjRBC2DwAJ7AC3g1Ho1n4814n1kLRt6zD/6U8fkNBVmhZA==</latexit>

max
y2P (M)

G(y)
<latexit sha1_base64="JIgBi6HA9It/gIRzxX+XGN0BXOg=">AAACGHicbVBNS8MwGE79nPOr6tFLcAjzMlsR9Tj04kWY4D5gLSPN0i0sTUuSykbpz/DiX/HiQRGvu/lvTLuCuvlAwpPneV/yvo8XMSqVZX0ZS8srq2vrpY3y5tb2zq65t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6yfz2IxGShvxBTSLiBmjAqU8xUlrqmadOgMa9RN9q6PnJOIUO5TB/YsSSuzSFfvXHPemZFatm5YCLxC5IBRRo9Myp0w9xHBCuMENSdm0rUm6ChKKYkbTsxJJECI/QgHQ15Sgg0k3yxVJ4rJU+9EOhD1cwV393JCiQchJ4ujIbUc57mfif142Vf+UmlEexIhzPPvJjBlUIs5RgnwqCFZtogrCgelaIh0ggrHSWZR2CPb/yImmd1eyLmn1/XqlfF3GUwCE4AlVgg0tQB7egAZoAgyfwAt7Au/FsvBofxuesdMkoeg7AHxjTb6GkoME=</latexit>

max
x2M

f(x)

<latexit sha1_base64="NcoGcfxg1FSExBmgeP84u/EXyas=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpoi6LblxWsA9oY5lMJ+3QySTMTNQS+h9uXCji1n9x5984SbPQ1gMDh3Pu5Z45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BW4WxJLRFQh7KrocV5UzQlmaa024kKQ48Tjve5Dr1Ow9UKhaKOz2NqBvgkWA+I1gb6d6v9gOsx56fPM1OS4Nyxa7ZGdAycXJSgRzNQfmrPwxJHFChCcdK9Rw70m6CpWaE01mpHysaYTLBI9ozVOCAKjfJUs/QiVGGyA+leUKjTP29keBAqWngmck0o1r0UvE/rxdr/9JNmIhiTQWZH/JjjnSI0grQkElKNJ8agolkJisiYywx0aaotARn8cvLpF2vOee1+u1ZpXGV11GEIziGKjhwAQ24gSa0gICEZ3iFN+vRerHerY/5aMHKdw7hD6zPH8e8kgw=</latexit>

f(x)

<latexit sha1_base64="W6/wANXkb43J1Lx48olFrpZyicA=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgLkpSRF0W3bisYB/QxjKZTtqhk0mcmRRLyHe4caGIWz/GnX/jpM1CWw8MHM65l3vmeBFnStv2t1VYWV1b3yhulra2d3b3yvsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745vMb0+oVCwU93oaUTfAQ8F8RrA2ktsLsB55fvKUPpyV+uWKXbVnQMvEyUkFcjT65a/eICRxQIUmHCvVdexIuwmWmhFO01IvVjTCZIyHtGuowAFVbjILnaITowyQH0rzhEYz9fdGggOlpoFnJrOQatHLxP+8bqz9KzdhIoo1FWR+yI850iHKGkADJinRfGoIJpKZrIiMsMREm56yEpzFLy+TVq3qXFRrd+eV+nVeRxGO4BhOwYFLqMMtNKAJBB7hGV7hzZpYL9a79TEfLVj5ziH8gfX5A1lxkdM=</latexit>

x⇤ <latexit sha1_base64="dRSNNP5b2ZBbDDk2ZnPVW3m/CQA=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgLkpSirosunFZwT6gjWUynbRDJ5M4MymE0O9w40IRt36MO//GSZuFth4YOJxzL/fM8SLOlLbtb6uwtr6xuVXcLu3s7u0flA+P2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJreZ35lSqVgoHnQSUTfAI8F8RrA2ktsPsB57fprMHi9Kg3LFrtpzoFXi5KQCOZqD8ld/GJI4oEITjpXqOXak3RRLzQins1I/VjTCZIJHtGeowAFVbjoPPUNnRhkiP5TmCY3m6u+NFAdKJYFnJrOQatnLxP+8Xqz9azdlIoo1FWRxyI850iHKGkBDJinRPDEEE8lMVkTGWGKiTU9ZCc7yl1dJu1Z1Lqu1+3qlcZPXUYQTOIVzcOAKGnAHTWgBgSd4hld4s6bWi/VufSxGC1a+cwx/YH3+AFr5kdQ=</latexit>

y⇤

<latexit sha1_base64="EBWVP/gL40w2lAw3kfTn+92uIK0="></latexit>

G(y) = Ey[f(S)] =
X

S2V

f(S)
Y

i2S

yi
Y

i/2S

(1� yi)



• A function 𝑔:	ℝ' → ℝ is 
multilinear if it is affine w.r.t. 
each of its coordinates:

Multilinear Functions

<latexit sha1_base64="oANjSO7VyboSFCHCgZjvGazTe8A="></latexit>

g(x) =
X

`2I
c`

Y

i2J`

xi
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<latexit sha1_base64="SD1K+iL7J/aDN0yPA+VL/zIcaiM="></latexit>

c` 2 R
` 2 some index set I

subsets J` ✓ V

<latexit sha1_base64="ome0dV7DWX9rhggq4/sL56QYCb8=">AAACL3icbVDLSgMxFM3UV62vUZdugkVoN2WmiLoRiuJjWcE+oB1KJs20oZnMkGTEYZg/cuOvdCOiiFv/wvSB1tYLgZNzzuXee9yQUaks69XILC2vrK5l13Mbm1vbO+buXl0GkcCkhgMWiKaLJGGUk5qiipFmKAjyXUYa7uBypDceiJA04PcqDonjox6nHsVIaapjXt8U2j5SfddL4rQIz+Hk5yZXaSf5VdJW78f3mBYdbezNNnbMvFWyxgUXgT0FeTCtascctrsBjnzCFWZIypZthcpJkFAUM5Lm2pEkIcID1CMtDTnyiXSS8b0pPNJMF3qB0I8rOGZnOxLkSxn7rnaOVpTz2oj8T2tFyjtzEsrDSBGOJ4O8iEEVwFF4sEsFwYrFGiAsqN4V4j4SCCsdcU6HYM+fvAjq5ZJ9UirfHecrF9M4suAAHIICsMEpqIBbUAU1gMETGII38G48Gy/Gh/E5sWaMac8++FPG1ze9DamB</latexit>

G(y) = Ey[g(x)] = g(y)

• Multilinear relaxation of a 
multilinear function has a 
closed form:

does not require sampling!



Polynomial Estimator
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Taylor 
approximation 

of degree L

not multilinear

multilinear

<latexit sha1_base64="pqVEO74O39kOiR0u2Q8PjePOdjk=">AAACCXicbVA9SwNBEJ3zM8avU0ubxSAkTbgLojZC0MYygvmAJIS9zV6yZG/v2N0Tw5HWxr9iY6GIrf/Azn/jXnJFTHww8Hhvhpl5XsSZ0o7zY62srq1vbOa28ts7u3v79sFhQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve6Cb1mw9UKhaKez2OaDfAA8F8RrA2Us9GfrETYD30/ORxUkJXaFgczCulnl1wys4UaJm4GSlAhlrP/u70QxIHVGjCsVJt14l0N8FSM8LpJN+JFY0wGeEBbRsqcEBVN5l+MkGnRukjP5SmhEZTdX4iwYFS48AznemNatFLxf+8dqz9y27CRBRrKshskR9zpEOUxoL6TFKi+dgQTCQztyIyxBITbcLLmxDcxZeXSaNSds/LlbuzQvU6iyMHx3ACRXDhAqpwCzWoA4EneIE3eLeerVfrw/qcta5Y2cwR/IH19Qu0m5kT</latexit>

f(x) = h(g(x))

<latexit sha1_base64="Tjv4a5SEmNrolRh66A2gtOHGkjU=">AAACHXicbZDLSsNAFIYnXmu9RV26GSxCuylJKepGKLpx4aKCvUATwmQ6aYdOLsxMxBLyIm58FTcuFHHhRnwbJ2kWtfXAwM//ncOc87sRo0Iaxo+2srq2vrFZ2ipv7+zu7esHh10RxhyTDg5ZyPsuEoTRgHQklYz0I06Q7zLScyfXGe89EC5oGNzLaURsH40C6lGMpLIcvWmNkUy81Elu06rlIzl2veQxrcFLmJPxjIzmWc3RK0bdyAsuC7MQFVBU29G/rGGIY58EEjMkxMA0ImkniEuKGUnLVixIhPAEjchAyQD5RNhJfl0KT5UzhF7I1QskzN35iQT5Qkx9V3VmO4pFlpn/sUEsvQs7oUEUSxLg2UdezKAMYRYVHFJOsGRTJRDmVO0K8RhxhKUKtKxCMBdPXhbdRt08qzfumpXWVRFHCRyDE1AFJjgHLXAD2qADMHgCL+ANvGvP2qv2oX3OWle0YuYI/Cnt+xes9qJD</latexit>

f̂L(x) = ĥL(g(x))

<latexit sha1_base64="wSdpiFYvgA8A5ZGR0YK2+gJQeuQ="></latexit>

Ĝ(y) = Ey[f̂L(x)] = f̂L(y)

𝐿'(	𝑑𝑒𝑔𝑟𝑒𝑒	
𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙	
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟	𝑜𝑓	𝑓

• Given 𝑔 is a multilinear function:

multilinear 
relaxation

no sampling!



1) Function 𝑓: {0, 1}'→ ℝ( is monotone and submodular.
2) Function 𝑓: {0, 1}'→ ℝ( has form

Assumptions  
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<latexit sha1_base64="kvou7ePGKDQmq50T26s64HCmSsA=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VoNyUpvjaFohs3QgX7gLaGyXTSTjt5MDNRS8iXuPFX3LhQRHClf+OkzaK2HrhwOOde7r3HDhgV0jB+tMzS8srqWnY9t7G5tb2j7+41hB9yTOrYZz5v2UgQRj1Sl1Qy0go4Qa7NSNMeXSZ+855wQX3vVo4D0nVR36MOxUgqydJPnELHRXJgO9FjXKx0ROha0bBixnfRdQwfrCEcWMNCX9VMW9HS80bJmAAuEjMleZCiZulfnZ6PQ5d4EjMkRNs0AtmNEJcUMxLnOqEgAcIj1CdtRT3kEtGNJu/F8EgpPej4XJUn4USdnYiQK8TYtVVncqOY9xLxP68dSue8G1EvCCXx8HSREzIofZhkBXuUEyzZWBGEOVW3QjxAHGGpEs2pEMz5lxdJo1wyT0vlm+N89SKNIwsOwCEoABOcgSq4AjVQBxg8gRfwBt61Z+1V+9A+p60ZLZ3ZB3+gff8CuYKiOg==</latexit>

f(x) =
MX

j=1

wjhj(gj(x))

𝑎)	𝑚𝑢𝑙𝑡𝑖𝑙𝑖𝑛𝑒𝑎𝑟

𝑏)	𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙	=ℎ)	𝑜𝑓	
𝑑𝑒𝑔𝑟𝑒𝑒	𝐿	𝑒𝑥𝑖𝑠𝑡𝑠

<latexit sha1_base64="HISlxtmDx4zmUAXpYIu7BXszj+k="></latexit>

M 2 N
wj 2 R

hj : [0, 1] ! R+

gj : [0, 1]
N ! [0, 1]

j 2 {1, . . . ,M}
<latexit sha1_base64="5Uk3gAfbwIMS2TtNJwVcA/gGtmc=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF1GXRjQuRCvYBTSiT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtostPXAwOGce7lnTpBwprTjfFultfWNza3ydmVnd2//wD48aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/mfmdCpWKxeNLThPoRHgoWMoK1kfq2fY88JpAXYT0Kguxh1rerTs2ZA60StyBVKNDs21/eICZpRIUmHCvVc51E+xmWmhFOZxUvVTTBZIyHtGeowBFVfjZPPkNnRhmgMJbmCY3m6u+NDEdKTaPATOYJ1bKXi/95vVSH137GRJJqKsjiUJhypGOU14AGTFKi+dQQTCQzWREZYYmJNmVVTAnu8pdXSbtecy9r9ceLauOmqKMMJ3AK5+DCFTTgDprQAgITeIZXeLMy68V6tz4WoyWr2DmGP7A+fwDKyZMh</latexit>

L 2 N



• Assume a function 𝑓: {0, 1}'→ ℝ( satisfies these assumptions. Then, 
consider the continuous greedy algorithm in which 𝐺(𝒚) is estimated 
via the polynomial estimator D𝑓)(𝒚). Then,

Main Theorem

04/30/2021 20

<latexit sha1_base64="lG2HT7g/io7sCYUpuc7Us5u/uH8="></latexit>

G(y) �
✓
1� 1

e

◆
G(y⇤)�O ("(L))�O

✓
1

K

◆

output of the 
continuous 

greedy algorithm

an optimal 
solution to # of iterationsbias of the 

polynomial 
estimator

<latexit sha1_base64="+muDfb8m3XzRHe5aIrZ2mwS1Z64=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VoNyUpoi6LLnQjVLAPaEuZTCft0MkkzEzEEPIfbvwVNy4UcSW48G+cpAG19cIMh3PO5d57nIBRqSzryygsLa+srhXXSxubW9s75u5eW/qhwKSFfeaLroMkYZSTlqKKkW4gCPIcRjrO9CLVO3dESOrzWxUFZOChMacuxUhpamjW+x66H8b6VxPHjaME9imHzUpGYMTi66SawMvKj6E6NMtWzcoKLgI7B2WQV3NofvRHPg49whVmSMqebQVqECOhKGYkKfVDSQKEp2hMehpy5BE5iLPbEnikmRF0faEfVzBjf3fEyJMy8hztTFeU81pK/qf1QuWeDWLKg1ARjmeD3JBB5cM0KDiigmDFIg0QFlTvCvEECYSVjrOkQ7DnT14E7XrNPqnVb47LjfM8jiI4AIegAmxwChrgCjRBC2DwAJ7AC3g1Ho1n4814n1kLRt6zD/6U8fkNBVmhZA==</latexit>

max
y2P (M)

G(y)
Multilinear 

relaxation of 𝒇
Multilinear 

relaxation of 𝒇



• For data summarization, influence maximization, facility location, and 
cache network problems: 

Examples

04/30/2021 21

<latexit sha1_base64="9hOie7q41XZriBYqCeUm1i7Y0uc=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqpUlipBCBgrWBg6FIk+pCaKHNdprTp2ZDuVqqhfwMKvsDCAECszG3+D22aAliNZOjrnXl2fEyaMKu0431ZhbX1jc6u4XdrZ3ds/sA+P2kqkEpMWFkzIbogUYZSTlqaakW4iCYpDRjrh6Hbmd8ZEKir4g54kxI/RgNOIYqSNFNgVj9E4yBqeFh7lkZ5MvTGSJFGUCV5tnEFjQCewy07NmQOuEjcnZZCjGdhfXl/gNCZcY4aU6rlOov0MSU0xI9OSlyqSIDxCA9IzlKOYKD+bx5nCilH6MBLSPK7hXP29kaFYqUkcmskY6aFa9mbif14v1dG1n1GepJpwvDgUpQyaiLNuYJ9KgjWbGIKwpOavEA+RRFibBkumBHc58ippn9fcy5p7f1Gu3+R1FMEJOAVV4IIrUAd3oAlaAINH8AxewZv1ZL1Y79bHYrRg5TvH4A+szx8QjJwU</latexit>

lim
L!1

"(L) ! 0



• A Polynomial Estimator

• Experiments

• Conclusion & Future Work

Outline
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Experiments
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Figure 2: err function of the 
final results as a function of 

time.

Figure 1: Trajectory of the 
err function as a function of 

time. 

<latexit sha1_base64="BFjA1hp6B0IniKFEvJHQaYgOkec=">AAACKHicbVDLSgNBEJyNrxhfUY9eBoMQBeOuiHoJBr14jGA0kI1hdtKbDM4+mOmVhCWf48Vf8SKiSK5+iZOYg1ELpimqupnu8mIpNNr20MrMzM7NL2QXc0vLK6tr+fWNGx0likONRzJSdY9pkCKEGgqUUI8VsMCTcOvdX4z82wdQWkThNfZjaAasEwpfcIZGauXPXIQeIqag1ICWadEvugHDruen/cHuvn+3t3tgiuvmTC0bq0enOlr5gl2yx6B/iTMhBTJBtZV/ddsRTwIIkUumdcOxY2ymTKHgEgY5N9EQM37POtAwNGQB6GY6PnRAd4zSpn6kzAuRjtWfEykLtO4Hnukcrah/eyPxP6+RoH/aTEUYJwgh//7ITyTFiI5So22hgKPsG8K4EmZXyrtMMY4m25wJwfl98l9yc1hyjkuHV0eFyvkkjizZItukSBxyQirkklRJjXDySJ7JG3m3nqwX68MafrdmrMnMJpmC9fkFnaGlEw==</latexit>

err = (f(y)� f⇤)/f⇤

f⇤ = max f(y)
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• We propose an alternative to the sampling estimator
• polynomial,
• achieves 1 − ⁄1 𝑒  approximation ratio.

• In the future, this work might be extended to 
• online, 
• stochastic algorithms.

Conclusion & Future Work

2504/30/2021



Thank you!

26

CCF-1750539

04/30/2021


