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Submodular Function Maximization

• Submodular function: set 
function with diminishing 
returns

• Examples: facility location, 
document summarization, 
influence maximization 
maximum coverage etc.
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<latexit sha1_base64="FVlyNAfh0UoGRP3oXQeu+NrUF0U=">AAACHHicbZA9SwNBEIb34nf8ilraLAbBQsJdFLWM2lhGMKeQO8LeZhIX9/bO3TkxHPkhNv4VGwtFbCwE/42bj0KjLyw8vDPDzrxRKoVB1/1yClPTM7Nz8wvFxaXlldXS2rpvkkxzaPBEJvoqYgakUNBAgRKuUg0sjiRcRjeng/rlHWgjEnWBvRTCmHWV6AjO0Fqt0l7QSTSTkh7TwGSRAYRbevKDfRog3GO+S/sUaCAU9Vulsltxh6J/wRtDmYxVb5U+gnbCsxgUcsmMaXpuimHONAouoV8MMgMp4zesC02LisVgwnx4XJ9uW6dN7Zb2KaRD9+dEzmJjenFkO2OG12ayNjD/qzUz7ByFuVBphqD46KNOJikmdJAUbQsNHGXPAuNa2F0pv2aacbR5Fm0I3uTJf8GvVryDSvV8v1w7GccxTzbJFtkhHjkkNXJG6qRBOHkgT+SFvDqPzrPz5ryPWgvOeGaD/JLz+Q2SpKBo</latexit>

8A ✓ B ✓ V , e 2 V
<latexit sha1_base64="ANDwFTlZF8dtDu0E7iVjE47cj6A=">AAACGnicbZC7SgNBFIZn4y3G26qlzWAQksKwK6KWSWwsI5gLZJcwOzmbDJm9ODMrhCXPYeOr2FgoYic2vo2TZAtNPDDw8f/ncOb8XsyZVJb1beRWVtfWN/Kbha3tnd09c/+gJaNEUGjSiEei4xEJnIXQVExx6MQCSOBxaHuj66nffgAhWRTeqXEMbkAGIfMZJUpLPdP2S3Xs0CTGTgrOpIxPsVbK2OFwr6m2aNXKPbNoVaxZ4WWwMyiirBo989PpRzQJIFSUEym7thUrNyVCMcphUnASCTGhIzKArsaQBCDddHbaBJ9opY/9SOgXKjxTf0+kJJByHHi6MyBqKBe9qfif102Uf+WmLIwTBSGdL/ITjlWEpznhPhNAFR9rIFQw/VdMh0QQqnSaBR2CvXjyMrTOKvZFxb49L1brWRx5dISOUQnZ6BJV0Q1qoCai6BE9o1f0ZjwZL8a78TFvzRnZzCH6U8bXD+GMnQc=</latexit>

f(B [ {e})� f(B)  f(A [ {e})� f(A)



Stochastic Submodular Maximization

• No access to the function 
oracle

• Only sample a random             
at a time
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<latexit sha1_base64="1k+Y25BdtArrXP3ozzrlDcIJXCA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiTiayMURXBZ0T4gCWEynbRDJw9mJkIb8gVu/BU3LhRx69qdf+OkzUJbD1w4nHMv997jxYwKaRjf2sLi0vLKammtvL6xubWt7+y2RZRwTFo4YhHvekgQRkPSklQy0o05QYHHSMcbXuV+54FwQaPwXo5i4gSoH1KfYiSV5OpVv3Z3CC+gHSA58Lz0OnPTMbQFDWAzg5bvjpXvuHrFqBsTwHliFqQCCjRd/cvuRTgJSCgxQ0JYphFLJ0VcUsxIVrYTQWKEh6hPLEVDFBDhpJN3MlhVSg/6EVcVSjhRf0+kKBBiFHiqM79azHq5+J9nJdI/d1IaxokkIZ4u8hMGZQTzbGCPcoIlGymCMKfqVogHiCMsVYJlFYI5+/I8aR/VzdP6ye1xpXFZxFEC++AA1IAJzkAD3IAmaAEMHsEzeAVv2pP2or1rH9PWBa2Y2QN/oH3+AGWlmnY=</latexit>

f(S) = Ez⇠P [fz(S)]
<latexit sha1_base64="hr/bAMgp38IVZ5tT6+vWNrRN+4o=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oHJEmZnZ5MhszPLzKwQl/yFFw+KePVvvPk3TpI9aGJBQ1HVTXdXkHCmjet+O0vLK6tr64WN4ubW9s5uaW+/qWWqCG0QyaVqB1hTzgRtGGY4bSeK4jjgtBUMbyZ+65EqzaS4N6OE+jHuCxYxgo2VHqLeU6VLQmlOeqWyW3WnQIvEy0kZctR7pa9uKEkaU2EIx1p3PDcxfoaVYYTTcbGbappgMsR92rFU4JhqP5tePEbHVglRJJUtYdBU/T2R4VjrURzYzhibgZ73JuJ/Xic10ZWfMZGkhgoyWxSlHBmJJu+jkClKDB9Zgoli9lZEBlhhYmxIRRuCN//yImmeVr2L6vndWbl2ncdRgEM4ggp4cAk1uIU6NICAgGd4hTdHOy/Ou/Mxa11y8pkD+APn8wcAUJB+</latexit>

fz(·)



Influence Maximization

• 𝐺 = (𝑉, 𝐸)
• Finite set V = {1, 2… , n}
• Independent Cascades or Linear 

Threshold [Kempe et al., 2003]
• 𝑓! 	(𝑆) is the fraction of nodes 

that are reachable by infecting 
the seeds 𝑆 ⊆ 𝑉

05/26/2023 4

• 

• 
• 

• • 
• 

• 
• 

• 

• 
• 

• 
<latexit sha1_base64="1k+Y25BdtArrXP3ozzrlDcIJXCA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiTiayMURXBZ0T4gCWEynbRDJw9mJkIb8gVu/BU3LhRx69qdf+OkzUJbD1w4nHMv997jxYwKaRjf2sLi0vLKammtvL6xubWt7+y2RZRwTFo4YhHvekgQRkPSklQy0o05QYHHSMcbXuV+54FwQaPwXo5i4gSoH1KfYiSV5OpVv3Z3CC+gHSA58Lz0OnPTMbQFDWAzg5bvjpXvuHrFqBsTwHliFqQCCjRd/cvuRTgJSCgxQ0JYphFLJ0VcUsxIVrYTQWKEh6hPLEVDFBDhpJN3MlhVSg/6EVcVSjhRf0+kKBBiFHiqM79azHq5+J9nJdI/d1IaxokkIZ4u8hMGZQTzbGCPcoIlGymCMKfqVogHiCMsVYJlFYI5+/I8aR/VzdP6ye1xpXFZxFEC++AA1IAJzkAD3IAmaAEMHsEzeAVv2pP2or1rH9PWBa2Y2QN/oH3+AGWlmnY=</latexit>

f(S) = Ez⇠P [fz(S)]



Approximation Algorithms for Stochastic Submodular 
Maximization

5

Concave relaxation method achieves 1 − ⁄1 𝑒 approximation ratio only for 
coverage functions [Karimi et al., 2017].

Projected gradient methods for general submodular problems achieve ⁄1 2 
approximation ratio [Hassani et al., 2017].

The stochastic continuous greedy algorithm improves this and achieves 1 −
⁄1 𝑒 approximation ratio on general matroids in poly-time [Mokhtari et al., 2020].
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Challenges

6

• Sampling 𝑆 to compute the multilinear relaxation (computationally 
expensive)

• Having two sources of randomness leads to high variance

05/26/2023

<latexit sha1_base64="gwoaZaA+yFbUVH709viuIMzsyNM=">AAACGHicbVDLSgMxFM34tr6qLt0Ei1BB6oyIuhGKblxWtK3QDiWT3trQTGZI7qhl6Ge48VfcuFDEbXf+jeljoa0HAodzzuXmniCWwqDrfjszs3PzC4tLy5mV1bX1jezmVsVEieZQ5pGM9F3ADEihoIwCJdzFGlgYSKgGncuBX30AbUSkbrEbgx+yeyVagjO0UiN7WMoLWheK3uzTc9ptiANaR3jC9LENGijtDbRhoOYeUM9vZHNuwR2CThNvTHJkjFIj2683I56EoJBLZkzNc2P0U6ZRcAm9TD0xEDPeYfdQs1SxEIyfDg/r0T2rNGkr0vYppEP190TKQmO6YWCTIcO2mfQG4n9eLcHWmZ8KFScIio8WtRJJMaKDlmhTaOAou5YwroX9K+VtphlH22XGluBNnjxNKkcF76RwdH2cK16M61giO2SX5IlHTkmRXJESKRNOnskreScfzovz5nw6X6PojDOe2SZ/4PR/AKx5nQ8=</latexit>

P (i 2 S) = yi,where yi 2 [0, 1]

• Stochastic Continuous Greedy (SCG) [Mokhtari et al., 2020] uses the  
multilinear relaxation

<latexit sha1_base64="UYJD+LWw8GPXgixp3uNcFl4R5Vc="></latexit>

G(y) = ES⇠y[f(S)] = ES⇠y [Ez⇠P [fz(S)]]



Submodular Maximization via Taylor Series 
Approximation [Özcan et al., 2021]
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does not require sampling!

<latexit sha1_base64="oYoSr6gBkv7fodk/oHylGtDIeak="></latexit>

Ex⇠y[p(x)] = Ex⇠y[ṗ(x)] = ṗ(y)

• Multilinear relaxation of a polynomial function is still a 
polynomial function.
• 𝐺(𝒚) is computed efficiently is 𝑓 is well approximated by a 

polynomial.

<latexit sha1_base64="wrVbAyEbNp6FSHzrkRc+DLvFvHE=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF1I1QdOOyon1AG8JkOmmHTiZhZiLWUPwVNy4Ucet/uPNvnLZZaOuBezmccy9z5wQJZ0o7zre1sLi0vLJaWCuub2xubds7uw0Vp5LQOol5LFsBVpQzQeuaaU5biaQ4CjhtBoOrsd+8p1KxWNzpYUK9CPcECxnB2ki+vc9Qhwl0a3oYogefoQvk+nbJKTsToHni5qQEOWq+/dXpxiSNqNCEY6XarpNoL8NSM8LpqNhJFU0wGeAebRsqcESVl02uH6Ejo3RRGEtTQqOJ+nsjw5FSwygwkxHWfTXrjcX/vHaqw3MvYyJJNRVk+lCYcqRjNI4CdZmkRPOhIZhIZm5FpI8lJtoEVjQhuLNfnieNStk9LVduTkrVyzyOAhzAIRyDC2dQhWuoQR0IPMIzvMKb9WS9WO/Wx3R0wcp39uAPrM8foj6TaA==</latexit>

i 2 S () xi = 1
<latexit sha1_base64="bXpK/8gBbRRs/4GALp/yCZ0+mG4=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSFFEvQtGLx4r2A5pQNttNu3SzCbsbsYRe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZekHCmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk/81gOVisXiXo8S6ke4L1jICNZG6toHDHki1kygO+SxMESPXYYukdO1y07FmQItEjcnZchR79pfXi8maUSFJhwr1XGdRPsZlpoRTsclL1U0wWSI+7RjqMARVX42fWCMjo3SQ2EsTQmNpurviQxHSo2iwHRGWA/UvDcR//M6qQ4v/IyJJNVUkNmiMOVIx2iSBuoxSYnmI0MwkczcisgAS0y0yaxkQnDnX14kzWrFPatUb0/Ltas8jiIcwhGcgAvnUIMbqEMDCIzhGV7hzXqyXqx362PWWrDymX34A+vzBymHlNY=</latexit>

i /2 S () xi = 0

polynomial polynomial



• We extend the notion of polynomial estimators of multilinear relaxations [Özcan 

et al., 2021] to stochastic submodular optimization

• No sampling

• One source of randomness 

• Theoretical guarantees

• Bias/variance trade off

Our Contributions

805/26/2023



• Stochastic Setting 

• Polynomial Estimator & Main Theorem

• Conclusion & Future Work

Outline

905/26/2023



Stochastic Setting

• Discrete stochastic submodular 
maximization
• Set function 𝑓:	2" → ℝ# of 

the form:

where 𝑆	 ⊆ 𝑉, where 𝑧 is the 
realization of the random 
variable 𝑍 is drawn from a 
distribution 𝑃.

• For each realization of 𝑧	~	𝑃, 
𝑓!: 	2" → ℝ# is monotone and 
submodular.
• Objective is:

where      is a general matroid 
constraint.

05/26/2023 10

<latexit sha1_base64="mKsK1a7ql54KVO1ugVOwndvkwWQ=">AAACDXicbVDLSsNAFJ34rPUVdelmsAp1UxLxtRGKIrisaB+QhDCZTtqhkwczE6EN+QE3/oobF4q4de/Ov3HSZqGtBy4czrmXe+/xYkaFNIxvbW5+YXFpubRSXl1b39jUt7ZbIko4Jk0csYh3PCQIoyFpSioZ6cScoMBjpO0NrnK//UC4oFF4L4cxcQLUC6lPMZJKcvV9v3p3CC+gHSDZ97z0OnPTEbQFDWAjs3x3pGzH1StGzRgDzhKzIBVQoOHqX3Y3wklAQokZEsIyjVg6KeKSYkaysp0IEiM8QD1iKRqigAgnHX+TwQOldKEfcVWhhGP190SKAiGGgac686PFtJeL/3lWIv1zJ6VhnEgS4skiP2FQRjCPBnYpJ1iyoSIIc6puhbiPOMJSBVhWIZjTL8+S1lHNPK2d3B5X6pdFHCWwC/ZAFZjgDNTBDWiAJsDgETyDV/CmPWkv2rv2MWmd04qZHfAH2ucPBUiaTA==</latexit>

f(S) = Ez⇠P [fz(S)]
<latexit sha1_base64="gamo1KBPjBWXuJQc3rxucisgNrU="></latexit>

max
S2I

f(S) = max
S2I

Ez⇠P [fz(S)],

<latexit sha1_base64="pQY1Rc1p+lA4wbnJrn291J8RcDw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l0o7sK9gHToWTSTBuaSYbkjlCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTAQ34LrfTmlldW19o7xZ2dre2d2r7h+0jUo1ZS2qhNLdkBgmuGQt4CBYN9GMxKFgnXB8m/udJ6YNV/IRJgkLYjKUPOKUgJX8XkxgRInI7qf9as2tuzPgZeIVpIYKNPvVr95A0TRmEqggxviem0CQEQ2cCjat9FLDEkLHZMh8SyWJmQmyWeQpPrHKAEdK2ycBz9TfGxmJjZnEoZ3MI5pFLxf/8/wUousg4zJJgUk6/yhKBQaF8/vxgGtGQUwsIVRzmxXTEdGEgm2pYkvwFk9eJu2zundZv3g4rzVuijrK6Agdo1PkoSvUQHeoiVqIIoWe0St6c8B5cd6dj/loySl2DtEfOJ8/f7aRaQ==</latexit>I



• Binary vector 𝒙 whose support is 𝑆:

Binary Notation

05/26/2023 11

<latexit sha1_base64="09EKzQ5V7ljAQF6uKmOe0z395e0=">AAACGHicbVC7TsMwFHXKq5RXgJHFokIqS0kQr7GCBbYi0YfURJXjOq1Vx4lsB7WK8hks/AoLAwixduNvcNJKQMuRbB2fc6987/EiRqWyrC+jsLS8srpWXC9tbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpecObzG89EiFpyB/UOCJugPqc+hQjpaWueeIEaNRN9K0Gnp+MUuhQDvMnRiy5S1PoV37c465ZtqpWDrhI7BkpgxnqXXPi9EIcB4QrzJCUHduKlJsgoShmJC05sSQRwkPUJx1NOQqIdJN8sRQeaaUH/VDowxXM1d8dCQqkHAeersxGlPNeJv7ndWLlX7kJ5VGsCMfTj/yYQRXCLCXYo4JgxcaaICyonhXiARIIK51lSYdgz6+8SJqnVfuien5/Vq5dz+IoggNwCCrABpegBm5BHTQABk/gBbyBd+PZeDU+jM9pacGY9eyDPzAm35ycoME=</latexit>

max
x2I

f(x)
<latexit sha1_base64="1bm31Db2xE+ueX9yMV10GtBkknA=">AAACBnicbZDLSsNAFIYn9VbrLepShMEi1E1JxNuy6EZ3ldoLNCFMppN26GQSZiZiCVm58VXcuFDErc/gzrdx0nahrT8MfPznHOac348Zlcqyvo3CwuLS8kpxtbS2vrG5ZW7vtGSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6TtD6/yevueCEkjfqdGMXFD1Oc0oBgpbXnmvhOiBy9tQIdyqFkNMGLpTZbBoNI48syyVbXGgvNgT6EMpqp75pfTi3ASEq4wQ1J2bStWboqEopiRrOQkksQID1GfdDVyFBLppuMzMnionR4MIqEfV3Ds/p5IUSjlKPR1Z76onK3l5n+1bqKCCzelPE4U4XjyUZAwqCKYZwJ7VBCs2EgDwoLqXSEeIIGw0smVdAj27Mnz0Dqu2mfV09uTcu1yGkcR7IEDUAE2OAc1cA3qoAkweATP4BW8GU/Gi/FufExaC8Z0Zhf8kfH5AwrlmDc=</latexit>

max
S2I

f(S)

<latexit sha1_base64="wrVbAyEbNp6FSHzrkRc+DLvFvHE=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF1I1QdOOyon1AG8JkOmmHTiZhZiLWUPwVNy4Ucet/uPNvnLZZaOuBezmccy9z5wQJZ0o7zre1sLi0vLJaWCuub2xubds7uw0Vp5LQOol5LFsBVpQzQeuaaU5biaQ4CjhtBoOrsd+8p1KxWNzpYUK9CPcECxnB2ki+vc9Qhwl0a3oYogefoQvk+nbJKTsToHni5qQEOWq+/dXpxiSNqNCEY6XarpNoL8NSM8LpqNhJFU0wGeAebRsqcESVl02uH6Ejo3RRGEtTQqOJ+nsjw5FSwygwkxHWfTXrjcX/vHaqw3MvYyJJNRVk+lCYcqRjNI4CdZmkRPOhIZhIZm5FpI8lJtoEVjQhuLNfnieNStk9LVduTkrVyzyOAhzAIRyDC2dQhWuoQR0IPMIzvMKb9WS9WO/Wx3R0wcp39uAPrM8foj6TaA==</latexit>

i 2 S () xi = 1
<latexit sha1_base64="bXpK/8gBbRRs/4GALp/yCZ0+mG4=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksgqeSFFEvQtGLx4r2A5pQNttNu3SzCbsbsYRe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZekHCmtON8W4Wl5ZXVteJ6aWNza3vH3t1rqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXk/81gOVisXiXo8S6ke4L1jICNZG6toHDHki1kygO+SxMESPXYYukdO1y07FmQItEjcnZchR79pfXi8maUSFJhwr1XGdRPsZlpoRTsclL1U0wWSI+7RjqMARVX42fWCMjo3SQ2EsTQmNpurviQxHSo2iwHRGWA/UvDcR//M6qQ4v/IyJJNVUkNmiMOVIx2iSBuoxSYnmI0MwkczcisgAS0y0yaxkQnDnX14kzWrFPatUb0/Ltas8jiIcwhGcgAvnUIMbqEMDCIzhGV7hzXqyXqx362PWWrDymX34A+vzBymHlNY=</latexit>

i /2 S () xi = 0

<latexit sha1_base64="VpZEW06a8OFsoKOKrS5i0TpgW+w=">AAACCnicbVC7TsMwFL3hWcorwMhiqJAYUJVUCBgrWJhQEfQhNaVyXKe16jiR7SCqqDMLv8LCAEKsfAEbf4PbZoCWI13do3PulX2PH3OmtON8W3PzC4tLy7mV/Ora+samvbVdU1EiCa2SiEey4WNFORO0qpnmtBFLikOf07rfvxj59XsqFYvErR7EtBXirmABI1gbqW3v3SBPJb6iGtWQx4IAPZgmkJc6R8j1hndXbbvgFJ0x0CxxM1KADJW2/eV1IpKEVGjCsVJN14l1K8VSM8LpMO8lisaY9HGXNg0VOKSqlY5PGaIDo3RQEElTQqOx+nsjxaFSg9A3kyHWPTXtjcT/vGaig7NWykScaCrI5KEg4UhHaJQL6jBJieYDQzCRzPwVkR6WmGiTXt6E4E6fPEtqpaJ7UixdHxfK51kcOdiFfTgEF06hDJdQgSoQeIRneIU368l6sd6tj8nonJXt7MAfWJ8/F7OYnA==</latexit>

S ⇢ V () x 2 {0, 1}N

<latexit sha1_base64="xYbBewbW+M2A7EbLRgjVFpHL7qE=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0i6rHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lPo+iQaXq1bw58CrxC1KFAs1B5as/jGkqmbJUEGN6vpfYICPacirYrNxPDUsInZAR6zmqiGQmyOa3zvC5U4Y4irUrZfFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqsI1x/jgecs2oFVNHCNXc3YrpmGhCrYun7ELwl19eJe16zb+q1R8uq43bIo4SnMIZXIAP19CAe2hCCyiM4Rle4Q1J9ILe0ceidQ0VMyfwB+jzBwOSjjo=</latexit>()



<latexit sha1_base64="0XzClLy6+EJWo/gtCx2w13PMkno=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlh9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh5lzXvvl5p3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDbleN1w==</latexit>

f(x)

Stochastic Continuous Greedy Algorithm 
[Mokhtari et al., 2020]

12

Multilinear relaxation

Rounding

05/26/2023

<latexit sha1_base64="09EKzQ5V7ljAQF6uKmOe0z395e0=">AAACGHicbVC7TsMwFHXKq5RXgJHFokIqS0kQr7GCBbYi0YfURJXjOq1Vx4lsB7WK8hks/AoLAwixduNvcNJKQMuRbB2fc6987/EiRqWyrC+jsLS8srpWXC9tbG5t75i7e00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpecObzG89EiFpyB/UOCJugPqc+hQjpaWueeIEaNRN9K0Gnp+MUuhQDvMnRiy5S1PoV37c465ZtqpWDrhI7BkpgxnqXXPi9EIcB4QrzJCUHduKlJsgoShmJC05sSQRwkPUJx1NOQqIdJN8sRQeaaUH/VDowxXM1d8dCQqkHAeersxGlPNeJv7ndWLlX7kJ5VGsCMfTj/yYQRXCLCXYo4JgxcaaICyonhXiARIIK51lSYdgz6+8SJqnVfuien5/Vq5dz+IoggNwCCrABpegBm5BHTQABk/gBbyBd+PZeDU+jM9pacGY9eyDPzAm35ycoME=</latexit>

max
x2I

f(x)

<latexit sha1_base64="NcoGcfxg1FSExBmgeP84u/EXyas=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyUpoi6LblxWsA9oY5lMJ+3QySTMTNQS+h9uXCji1n9x5984SbPQ1gMDh3Pu5Z45XsSZ0rb9bRVWVtfWN4qbpa3tnd298v5BW4WxJLRFQh7KrocV5UzQlmaa024kKQ48Tjve5Dr1Ow9UKhaKOz2NqBvgkWA+I1gb6d6v9gOsx56fPM1OS4Nyxa7ZGdAycXJSgRzNQfmrPwxJHFChCcdK9Rw70m6CpWaE01mpHysaYTLBI9ozVOCAKjfJUs/QiVGGyA+leUKjTP29keBAqWngmck0o1r0UvE/rxdr/9JNmIhiTQWZH/JjjnSI0grQkElKNJ8agolkJisiYywx0aaotARn8cvLpF2vOee1+u1ZpXGV11GEIziGKjhwAQ24gSa0gICEZ3iFN+vRerHerY/5aMHKdw7hD6zPH8e8kgw=</latexit>

f(x)

<latexit sha1_base64="W6/wANXkb43J1Lx48olFrpZyicA=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgLkpSRF0W3bisYB/QxjKZTtqhk0mcmRRLyHe4caGIWz/GnX/jpM1CWw8MHM65l3vmeBFnStv2t1VYWV1b3yhulra2d3b3yvsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745vMb0+oVCwU93oaUTfAQ8F8RrA2ktsLsB55fvKUPpyV+uWKXbVnQMvEyUkFcjT65a/eICRxQIUmHCvVdexIuwmWmhFO01IvVjTCZIyHtGuowAFVbjILnaITowyQH0rzhEYz9fdGggOlpoFnJrOQatHLxP+8bqz9KzdhIoo1FWR+yI850iHKGkADJinRfGoIJpKZrIiMsMREm56yEpzFLy+TVq3qXFRrd+eV+nVeRxGO4BhOwYFLqMMtNKAJBB7hGV7hzZpYL9a79TEfLVj5ziH8gfX5A1lxkdM=</latexit>

x⇤ <latexit sha1_base64="dRSNNP5b2ZBbDDk2ZnPVW3m/CQA=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgLkpSirosunFZwT6gjWUynbRDJ5M4MymE0O9w40IRt36MO//GSZuFth4YOJxzL/fM8SLOlLbtb6uwtr6xuVXcLu3s7u0flA+P2iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJreZ35lSqVgoHnQSUTfAI8F8RrA2ktsPsB57fprMHi9Kg3LFrtpzoFXi5KQCOZqD8ld/GJI4oEITjpXqOXak3RRLzQins1I/VjTCZIJHtGeowAFVbjoPPUNnRhkiP5TmCY3m6u+NFAdKJYFnJrOQatnLxP+8Xqz9azdlIoo1FWRxyI850iHKGkBDJinRPDEEE8lMVkTGWGKiTU9ZCc7yl1dJu1Z1Lqu1+3qlcZPXUYQTOIVzcOAKGnAHTWgBgSd4hld4s6bWi/VufSxGC1a+cwx/YH3+AFr5kdQ=</latexit>

y⇤

continuous spaceintegral space

<latexit sha1_base64="Gdnvcvepn+B2cXWlBvTw2/aOARg="></latexit>

G(y) = Ex⇠y [Ez⇠P [fz(x)]]

<latexit sha1_base64="0VZwdQEYITWQ9VXfSLtgAg94TJM=">AAACGHicbVC7TsMwFHXKq5RXgJHFokIqS0kQr7GiA4xFog+piSrHdVqrjhPZDqKK8hks/AoLAwixduNvcNJKQMuRbB2fc6987/EiRqWyrC+jsLS8srpWXC9tbG5t75i7ey0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6N65rcfiJA05PdqHBE3QANOfYqR0lLPPHEC9NhL9K2Gnp+MU+hQDvMnRiyppym8qfy4xz2zbFWtHHCR2DNSBjM0eubE6Yc4DghXmCEpu7YVKTdBQlHMSFpyYkkihEdoQLqachQQ6Sb5Yik80kof+qHQhyuYq787EhRIOQ48XZmNKOe9TPzP68bKv3ITyqNYEY6nH/kxgyqEWUqwTwXBio01QVhQPSvEQyQQVjrLkg7Bnl95kbROq/ZF9fzurFy7nsVRBAfgEFSADS5BDdyCBmgCDJ7AC3gD78az8Wp8GJ/T0oIx69kHf2BMvgFl3qCe</latexit>

max
y2C

G(y)
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1) Function 𝑓: {0, 1}$→ ℝ#: 𝑓 𝑆 = 	𝔼!	~	'[𝑓!(𝑆)] is monotone and 
submodular. 

2) Elements in the constraint set 𝐶 are uniformly bounded, i.e., 
𝑦 ≤ 𝐷.

3) For all 𝑥	 ∈ {0, 1}(, there exists 𝜀! 𝐿 ≥ 0 such that lim
)	→+

𝜀! 𝐿 = 0 
and 

Assumptions  
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<latexit sha1_base64="O6SRmpY8JpjnE+7TYSefalvktus="></latexit>

|fz(x)� f̂L
z (x)|  "z(L).

bias<latexit sha1_base64="0TRhDbVAvmRvkc3Dl6HqpetsvEA="></latexit>

f̂z
L
(·): polynomial estimator of fz(·)
L: degree of the polynomial



• Variance of the unbiased gradients [Mokhtari et al., 2020]:

• Variance of the biased gradients:

• Mean bias:

Variance of the Gradients
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<latexit sha1_base64="4JVjaJAt0+OGXVgfsQwiJv2ekUI="></latexit>

�2
0 = sup

y2C
Ez⇠P

h
krGz(y)�rG(y)k2

i

<latexit sha1_base64="xGDIe6y/kGxbRE4s0UomRsMpQSE="></latexit>

�2 = sup
y2C

E
h
k \rGz(y)�G(y)k2

i

<latexit sha1_base64="jCiVyVWPTnu1CV2Rc6ZSPJOUf8A="></latexit>

"(L) = Ez⇠P ["z(L)]



• Assume a function 𝑓: {0, 1}$→ ℝ# satisfies these assumptions. Then, 
consider the stochastic continuous greedy algorithm in which 𝐺(𝒚) is 
estimated via the sample or the polynomial estimator. Then,

Unbiased version:

Biased version:

Main Theorem
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<latexit sha1_base64="8Y5WksyhtTHfoMk1nB3wEP5E1fY="></latexit>

E[G(yT )] � (1� 1/e)OPT � 15DK

T 1/3
� fmaxrD

2

2T

<latexit sha1_base64="Vwq0VcLof0T/QOAo6gvwhzn9Fbs="></latexit>

K ⇡
q

16�2
0 + 224

p
n"(L) + 2

p
rfmaxD

<latexit sha1_base64="O1tpMb7amSVaA/Nv46CWHP1fiw8=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIilBmtF6WRV0IbirYC3RKOZNm2tBkZkwy0jL0Gdz4Km5cKOLWlTvfxvSy0NYfAh//OYeT83sRZ0rb9reVmptfWFxKL2dWVtfWN7KbWxUVxpLQMgl5KGseKMpZQMuaaU5rkaQgPE6rXvdyWK8+UKlYGNzpfkQbAtoB8xkBbaxm9uAGuxBFMuzhAnYVawvAhwbupU6O5QD7zcQV0Btcuc1szs7bI+FZcCaQQxOVmtkvtxWSWNBAEw5K1R070o0EpGaE00HGjRWNgHShTesGAxBUNZLRSQO8Z5wW9kNpXqDxyP09kYBQqi880ylAd9R0bWj+V6vH2j9vJCyIYk0DMl7kxxzrEA/zwS0mKdG8bwCIZOavmHRAAtEmxYwJwZk+eRYqR3nnNH9yW8gVLyZxpNEO2kX7yEFnqIiuUQmVEUGP6Bm9ojfryXqx3q2PcWvKmsxsoz+yPn8Aopic3g==</latexit>

K ⇡ 4� +
p
3rfmaxD



Examples
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<latexit sha1_base64="9hOie7q41XZriBYqCeUm1i7Y0uc=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqpUlipBCBgrWBg6FIk+pCaKHNdprTp2ZDuVqqhfwMKvsDCAECszG3+D22aAliNZOjrnXl2fEyaMKu0431ZhbX1jc6u4XdrZ3ds/sA+P2kqkEpMWFkzIbogUYZSTlqaakW4iCYpDRjrh6Hbmd8ZEKir4g54kxI/RgNOIYqSNFNgVj9E4yBqeFh7lkZ5MvTGSJFGUCV5tnEFjQCewy07NmQOuEjcnZZCjGdhfXl/gNCZcY4aU6rlOov0MSU0xI9OSlyqSIDxCA9IzlKOYKD+bx5nCilH6MBLSPK7hXP29kaFYqUkcmskY6aFa9mbif14v1dG1n1GepJpwvDgUpQyaiLNuYJ9KgjWbGIKwpOavEA+RRFibBkumBHc58ippn9fcy5p7f1Gu3+R1FMEJOAVV4IIrUAd3oAlaAINH8AxewZv1ZL1Y79bHYrRg5TvH4A+szx8QjJwU</latexit>

lim
L!1

"(L) ! 0
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• We propose an alternative to the sampling estimator
• polynomial,
• achieves 1 − ⁄1 𝑒  approximation ratio,
• with only one source of randomness.

• A similar extension can be made to the online setting with regret 
analysis.

Conclusion & Future Work
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Thank you!
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