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Submodular Maximization over Matroids

Submodular maximization is NP-hard.
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Online Learning and OCO
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At each timeslot t:

Decision: xxxt ∈ X
Adversary picks reward

function ft : X → R≥0 from

class F
Decision maker accrues

reward ft(xxxt)

Decisions based on

history:

xxxt = PX ,t

(
(xxxs)t−1

s=1 , (fs)t−1
s=1

)
Online policy:

PX = (PX ,t)t∈[T ]

We define the regret at horizon T as:

regretT (PX ) = sup
(ft)T

t=1∈FT

{
max
xxx∈X

∑T
t=1 ft(xxx) − EPX

[∑T
t=1 ft(xxxt)

]}
.

In OCO, X is a compact convex set and F is a set of concave

functions. Several online policies (e.g., OGA, OMA, and FTRL)

attain O(
√

T ) regret when functions in F are L-Lipschitz.

Online Submodular Maximization

In OSM, X is a matroid and F is a set of monotone submodular

functions. The α-regret of policyPPPX at horizon T is:

α-regretT (PPPX ) , sup
(ft)T

t=1∈FT

{
max
xxx∈X

α
T∑

t=1
ft(xxx) − E

PPPX

[
T∑

t=1
ft(xxxt)

]}
.

We seek policies that attain a sublinear (i.e., o(T )) regret. Intu-
itively, we compare the performance of the policy PPPX w.r.t. the

best poly-time(n) α-approximation of the static offline optimum,

in hindsight.

Main Contributions

We provide a methodology for reducing online submodular

maximization (OSM) problems to online convex

optimization (OCO) problems, under a certain condition.

We show that this condition is satisfied by a wide class of

submodular functions called weighted threshold potential

(WTP) functions.

We establish that our reduction extends to the dynamic

regret and optimistic settings.

We also provide a different reduction for the bandit setting,

for static, dynamic regret, and optimistic variants.

Case of General Set Functions

We can reduce any OSM problem to an OCO problem,

when the reward functions satisfy a specific property.

Assumption: Sandwich Property

There exists an α ∈ (0, 1], an L ∈ R>0, and a randomized round-

ing Ξ : Y → X such that, for every f : X → R≥0 ∈ F there

exists a L-Lipschitz concave function f̃ : Y → R s.t.

f̃ (xxx) ≥ f (xxx), for all xxx ∈ X , and

EΞ [f (Ξ(yyy))] ≥ α · f̃ (yyy), for all yyy ∈ Y .

Rewards

Actions

Integral
Actions

Fractional
Actions

Construct concave relaxationsRelax matroid       to a polymatroid

RAOCO for General Set Functions

If this property holds, we can convert any OCO policy PPPY op-

erating over Y = conv (X ) to a Randomized-rounding Aug-

mented OCO (RAOCO) policy, denoted byPPPX , operating over

X . The RAOCO policy amounts to (a) runningPPPY over the con-

cave relaxations f̃t(·), and (b) rounding the decision via Ξ. For-
mally, at t ∈ [T ]:

yyyt = PY ,t

(
(yyys)t−1

s=1, (f̃s)t−1
s=1

)
,

xxxt = Ξ(yyyt) ∈ X .

Theorem 1: If the sandwich property holds, given an OCO policy

PPPY , the RAOCO policyPPPX satisfies

α-regretT (PPPX ) ≤ α · regretT (PPPY) .

Hence, OCO policies such as OGA, OMA, and FTRL combined with

RAOCO yield O(
√

T ) α-regret.
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(1 − 1/e)-regret (Full Information)
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√
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Harvey et al. [2020] GS

√
r log

(
n
r

)
T 5 5 5 5 5 5

nr2 + Om · n4/ε3

· log(n3T/ε)
Matsuoka et al. [2021] GS r

√
r log(nT )T 5 5

√
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Streeter et al. [2009] GS r
3
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Chen et al. [2018] DR-S
√
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Zhang et al. [2019] DR-S T
4
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3
5Ooco · Om + nr2

Zhang et al. [2022] DR-S
√
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Kakade et al. [2007] LWD n(α + 2)
√

T 5 5 5 5 5 5 TOα

This work WTP r
√

log(n
r )T

√
r(r log(n

r ) + log(n)PT )T

√
r(r log(n

r ) + log(n)PT )t
·
√∑T

t=1‖gt − gπ
t ‖2

∞
nr2

Case ofWeighted Threshold Potentials

The class ofWTP functions satisfies the sandwich

property under appropriate randomized rounding and

concave relaxation schemes.

A threshold potential is defined as:

Ψb,www,S(xxx) , min
{

b,
∑

j∈S xjwj

}
, for xxx ∈ {0, 1}n,

where b ∈ R≥0 ∪ {∞} is a threshold, S ⊆ V , andwww = (wj)j∈S ∈
[0, b]|S| is a weight vector. The class of weighted threshold po-

tentials (WTP) contains functions of the form:

f (xxx) ,
∑

`∈C c`Ψb`,www`,S`
(xxx), for xxx ∈ {0, 1}n,

where C is an arbitrary index set and c` ∈ R≥0, for ` ∈ C .

This class includes many important applications:

influence maximization [Kempe et al., 2003]

facility location [Krause and Golovin, 2014, Frieze, 1974]

cache networks [Ioannidis and Yeh, 2016]

similarity caching [Si Salem et al., 2022]

demand forecasting [Ito and Fujimaki, 2016]

team formation [Li et al., 2018]

Concave Relaxation

The relaxation of any WTP function f is itself: for yyy ∈ Y ,
conv (X ):

f̃ (yyy) , f (yyy) =
∑
`∈C

c` min

b`,
∑
j∈S`

yjw`,j

 . (1)

The functional form of f remains unchanged while accommo-

dating fractional inputs.

Relation to Sandwich Property

Concave relaxations in (1) satisfy the sandwich property

with α = 1 − 1/e:

Consider the concave relaxations f̃ constructed from WTP

functions f ∈ F via Eq. (1). Then, if these concave relaxations

are uniformly Lipschitz with constant L > 0, the set F satisfies

the sandwich property with α = 1 − 1/e, for any any negatively
correlated rounding Ξ : Y → X .

Negatively-Correlated Rounding

A negatively-correlated randomized rounding can always

be constructed if X is a matroid:

(Chekuri et al. [2010, Theorem 1.1.]) Given a matroid X ⊂
{0, 1}n, let yyy ∈ conv (X ) and Ξ be either swap rounding or ran-

domized pipage rounding. Then, Ξ is negatively correlated.

RAOCO forWTPs

Theorem 2: Let X ⊆ {0, 1}n be a matroid, and F be a subset

of the WTP class for which the concave relaxations are uniformly

Lipschitz continuous. Then, the RAOCO policy PPPX defined using

swap rounding or randomized pipage rounding as Ξ, a sublinear

OCO policy PPPY , and concave relaxations in (1) has sublinear α-
regret, with α = 1 − 1/e.

Extensions

Dynamic Setting
In the dynamic setting, the decision maker compares its perfor-

mance to the best sequence of decisions (yyy?
t )t∈[T ] with a path

length regularity condition. We show that RAOCO equipped

with a modified OMA policy has sublinear dynamic α-regret.
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(a) Stationary: All policies have

similar performance in the

stationary setting and are able to

match the performance of the

static optimum.
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(b) Non-Stationary: In this setting

only OGA, OMA, and FSF* show
robustness

Optimistic Setting

In the optimistic setting, the decisionmaker has access to a pre-

dictor function πt+1 : [0, 1]n → R≥0, before committing to a de-

cision xxxt+1 at timeslot t ∈ [T ]. We show that RAOCO equipped

with amodified Optimistic OMA policy has sublinear α-regret.
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(a) Optimistic Learning: When the

predictions are accurate

Optimistic OGA is able to exploit

these predictions to match the

performance of the dynamic

optimum.
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(b)Meta Policies: The meta-policy

can learn the best configuration of

OGA without tuning the learning

rate.

Bandit Setting

In the bandit setting, only the reward value ft(xt) (but not ft(·))
is revealed. We construct a reduction to OCO based on Wan

et al. [2023], for general monotone submodular rewards but

restricted to partition matroid constraints, obtaining again a

sublinear α-regret.
(1 − 1/e)-regret (Bandit)
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